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Abstract
Using the Chern-Simon formulation of (2+1) gravity, we derive, for the
general asymptotic metrics given by the Feerman-Graham-Lee theorems,
the emergence of the Liouville mode associated to the boundary degrees
of freedom of (2+1) dimensional anti de Sitter geometries. Special atten-
tion is paid to holonomies, which are shown to relate the non-connected
components of spatial innity and are explicitly expressed in terms of the
Liouville eld in case of flat boundary metric. We also show the link
between the variation under dieomorphisms of the Einstein theory of
gravitation and the Weyl anomaly of the conformal theory at innity.
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1 Introduction
The interest of studying (2+1) dimensional gravity has initially been emphasized
in [1] and has recently been revived with the discovery of black holes in spaces
with negative cosmological constant [2]. Since then, a large number of studies
has been devoted to the elucidation of classical as well as to quantum (2+1)
gravity [3]. The major problem resides in the quest for the origin of the black
hole entropy. This entropy seems due to a macroscopically large number of





In (2 + 1) dimensions, the eld equations of gravity with negative cosmolog-
ical constant has been proven to be equivalent to those of a Chern-Simons (CS)
theory with SL(2; IR)  SL(2; IR) as gauge group [5]. Assuming the boundary
of the space to be a flat cylinder IR  S1, Coussaert, Henneaux and van Driel
(CHD) [6] demonstrated the equivalence between this CS theory and a non-
chiral Wess-Zumino-Witten (WZW) theory [7, 8], and showed that the AdS3
boundary conditions as dened in [4] implement the constraints that reduce the
WZW model to the Liouville theory [9].
In this paper, we show that, using the less restrictive AdS boundary condi-
tions allowed by the Feerman-Graham-Lee theorems [10, 11], the CHD analysis
can be extended and leads to the Liouville theory formulated on a 2-dimensional
curved background (A preliminary version of this analysis can be found in [12]).
Taking into account all terms resulting from integrations by parts during the
reduction process from the Einstein-Hilbert (EH) action to the Liouville action,
we make explicitly the connection between the variance of the EH action un-
der dieomorphisms and Weyl transformations on the boundary of AdS3 space.
Moreover, we establish for flat boundary metrics relations between Liouville
elds, AdS3 metrics and SL(2; IR) parallel transport matrices.
2 Asymptotically anti de Sitter spaces
Graham and Lee [10] proved that, under suitable topological assumptions, Eu-
clidean Einstein spaces with negative cosmological constant  are completely
dened by the geometry on their boundary. Furthermore, Feerman and Gra-
ham (FG) [11] showed that, whatever the signature, there exists an asymp-
totic expansion of the metric, which formally solves the Einstein equations with










g (xi) +    : (1)
On (n + 1)-dimensional space-times, the full asymptotic expansion continues
with terms of negative even powers of r up to r−2([
n+1
2 ]−2), with in addition a
logarithmic term of the order of r−(n−2) log r when n is even and larger than 2.
All these terms are completely dened by the boundary geometry
(0)
g (xi). It
seems thus natural to take them as the denition of asymptotic Einstein metrics.
These terms are followed by terms of all negative powers starting from r−(n−2);
the trace-free part of the r−(n−2) coecient is not fully determined by
(0)
g . It
contains degrees of freedom in Lorentzian spaces [13, 14]. Once this ambiguity
is xed, all subsequent terms become determined.
It is instructive to look at the rst iterations of this expansion. We write the
metric in terms of forms µ as ds2 = 0⊗0 +ab a⊗b with ;  [resp. a; b]
running from 0 to n [resp. 1 to n] and ab a flat n-dimensional minkowskian
metric diag.(1,..., 1, -1). The forms µ and the Levi-Civita connection Ωµν read
2
as3:
0 = ‘drr ; a = r‘a + ‘ra + o(r−2) ; (2)
Ωa0 = r‘2a − 1r~a + o(r−2) ; Ωab = !ab + o(r−1) ; (3)
where the forms a, !ab  !abc c, a  ab b and ~a   ab b are r-independent.
These provide the dominant and sub-dominant terms of the metric expansion:
(0)
g = ab a ⊗ b ;
(2)
g(2)g ab a ⊗ b = (ab + ba) a ⊗ b : (4)
Here and in what follows, the n-dimensional indices and the covariant derivatives
are dened with respect to the metric
(0)
g . Using these denitions, the (n + 1)-
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(2)g ab b. If we impose the metric of the (n + 1)-dimensional space to be
asymptotically Einsteinian, i.e. Rµ ν = 2n−1 µ ν , these equations, at order r
2,
x:
 = −1=‘2 : (7)














= 0 ; (9)
where
(0)
Rab are the components of the n-dimensional Ricci tensor.
We dene asymptotically AdS spaces by the stronger condition that the
Riemann tensor tends to that of AdS, i.e. R
µ ν
=  µ ^ ν . This implies, in



















g ac;b= 0 ; (11)
3By denition, o(r−n) = un(r) means that limr!1 un(r)rn = 0
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whose traces are the asymptotic Einstein conditions (8, 9). When n 6= 2, eq.
(8) fully species the metric
(2)
g in terms of
(0)
g and eq. (9) becomes the Bianchi
identity satised by the n-dimensional Einstein tensor. Furthermore eq. (10)
is an identity if n = 3 and implies that the Weyl tensor of the n-dimensional
geometry vanishes if n > 3, while eq. (11) implies that the Cotton-York tensor
vanishes for n = 3 and becomes a consequence of eq. (10) and the Bianchi
identities for n > 3. Thus, AdS asymptotic spaces are Einstein asymptotic
spaces whose
(0)
g metric tensor is conformally flat. The same conclusion holds
for n = 2 as in three dimensions Einstein spaces with  < 0 are locally AdS
and metrics on cylindrical boundaries are conformally flat.
On the other hand, when n = 2 only the trace of
(2)




= 2 cc  2  = −‘22
(0)
R ; (12)
and the other components of
(2)






R ,b : (13)
The subdominant metric components are thus not all determined by the asymp-
totic metric in three dimensions, but there remains one degree of freedom, which
we shall explicit in the next section. Similar indeterminacy, involving
(n)
g , arises
for all values of n [13, 14].
To illustrate the meaning of the FG coordinates, let us consider the special







`2 −M + J
2
4ρ2
+ 2d’2 + Jd’dt ; (14)
where M is the mass and J the angular momentum. To shorten the discussion, we
restrict ourselves to the cases M > jJ=‘j > 0. In this case, a single coordinate
patch (; ’; t), on which the metric is given by (14), covers the three regions
denoted I, II and III (see Fig. 1), corresponding to  > +, + >  > − and


















are the values of the constant  surfaces dening the inner and outer horizons.
The complete space-time is obtained by glueing similar overlapping coordinate
patches.

























(‘2d’2 − dt2) + M
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(‘2d’2 − dt2) : (17)
This r coordinate is only dened on region I of a coordinate patch (; ’; t),
between the exterior horizon  = + and innity. It can be analytically contin-
ued so as to cover two adjacent regions I and I’ (see Fig. 1). On the rst (I),
we have r2 > `4
√
M2 − J2=‘2, which is obtained by taking the plus sign in eq.
(16); on the other (I’) r2 < `4
√
M2 − J2=‘2, corresponding to the minus sign.
This r coordinate accounts for the global nature of the black holes, where the
dieomorphic regions I and I’ are connected by an Einstein-Rosen bridge. Near
the space-like innity of region I (r !1) the metric (17) coincides with the FG
asymptotic expansion (1), whereas on region I’, where the space-like asymptotic
region is given by r ! 0, we recover the FG expression of the asymptotic met-
ric after the transformation r2 ! (M2‘2 − J2)‘2=(16r2). This transformation
leaves the metric (17) invariant, ensuring the consistency of the denitions of
mass and angular momentum of the black hole, whatever the asymptotic region
is. Of course we may dene a single radial coordinate that goes to 1 on the
asymptotia of regions I and I’ and leads on both ends to the FG expression (1);
it is however not related analytically to the r coordinate (16). We shall use such
a coordinate (also called r) in section 3.
Furthermore, if we introduce the radial variable y = r−2, corresponding to
the original FG radial coordinate [11], we may extend its domain of denition
to negative values, which correspond to regions III and III’. Note that, as r has
been taken to be intrinsically space-like, it cannot cover regions II, between the
horizons, unless we turn it into a time-like coordinate.
3 From Einstein-Hilbert to Liouville action
The EH (2+1) gravity action with cosmological constant , evaluated on a






(R− 2 )η ; (18)
where η is the volume element 3-form on V .
Let us specify the topological structure of the domain of integration V . In-
spired by the BTZ black holes [2], we assume it to consist of the product of a
time interval [t0; t1] with a spacelike section  chosen to be homeomorphic to
a disk of radius r or to a nite 2-dimensional space-like cylinder of length 2 r;
afterwards r will be pushed to innity. The disk will provide extremal black
holes if we accept a conical singularity at the origin r = 0, and global AdS space
if not. The cylinder will describe non-extremal black holes, its non trivial topol-
ogy describing the Einstein-Rosen bridge. In fact, we may not exclude a priori
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more complicated topologies, such as several cylinders attached to an arbitrary
compact manifold, but we shall not consider them here.
We use usual cylindrical coordinates (r; ’; t) to parametrize the manifold V ,
where jrj coincides with the FG radial variable in a neighbourhood of jrj = 1.
Accordingly, the coordinate domain of integration will be the cube [t0; t1] 
[rL; rR]  [0; 2]. In case  is a disk, rL = 0, rR = r, and all the considered
quantities are periodic in the angular variable ’. In case  is a cylinder, we
choose rL = −r and rR = r; to account for the holonomies allowed by this non
trivial topology, we may not assume a priori all quantities to be periodic in ’.
Hence, the boundary terms obtained upon application of Stokes theorem will
involve when  is a disk the geometrical surfaces t = t0, t = t1 and r = r, with
in addition when  is a cylinder the extra boundary component r = −r and the
coordinate surfaces ’ = 0 and ’ = 2 .
When  < 0, one can re-express [5] the EH action (18) in terms of the two
gauge elds A = Aµµ = JµAµ and A˜ = ~Aµµ = Jµ ~A
µ
, with Jµ generators
of the sl(2; IR) algebra4 satisfying Tr(JµJν) = 12µν and Tr(JµJνJρ) =
1
4µνρ,








µ + 12µ νρΩνρ : (19)
They allow to express the action SEH as the dierence of two CS actions SSC [A]
and SSC [A˜] plus a boundary term that mixes the two gauge elds:
SEH = SCS + BCS ; (20)
where












Tr d(A˜ ^A) : (23)
The integral BCS is composed of three terms, noted B(r)CS, B(ϕ)CS and B(t)CS, coming
from integrations over r, ’ and t, respectively. As we assume that the metric
and thus the elds A and A˜ are globally dened on V , i.e. periodic in ’, B(ϕ)CS
vanishes.























We now discuss the large r behaviour of the EH and CS actions (18, 21).
The insertion of eqs(2, 3) in eq.(19) gives the asymptotic behaviour of the CS
elds A and A˜. But before we pursue our discussion, the following clarifying
remark seems us necessary. Obviously, the FG expression of the metric is,
in general, only locally valid. When  is a cylinder, in which case there are
two asymptotic regions, we may always x the asymptotic behaviour of the
elds on one of them according to eqs (2, 19). With such a choice, the frames
f0; ag on the remaining asymptotic region become only dened up to a sign
that depends on the continuation of the CS elds across the whole manifold;
indeed the asymptotic behaviours of A and A˜ may have to be exchanged (see
section 5 for an explicit example). However, whether or not this occurs has no
consequence on the rest of our analysis.
Let us in a rst stage focus on one asymptotic region. To x the notation,
we adopt the convention dened by eqs (2, 19), with the radial coordinate r
belonging to a neigbourhood of +1. We nd convenient to write explicitly the
large r behaviour of the CS elds using the null frame  = 1 2 and its dual
vectorial frame ~e = 12 (~e1  ~e2), which are dened on the surfaces jrj = r. At
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where we have introduced the null components of the connection 2-form !12 
! = !++ + !−− and for further convenience the notation K− and ~K+. Note
that the combination (−+−+−)=r can always be canceled by an innitesimal
(in the limit r ! 1) Lorentz transformation acting on 1 and 2; this gauge
freedom is reflected in the fact that this term never appears in the subsequent
calculations. Using these relations, we see that in the large r limit, the EH
action (18) presents two types of divergences, one in r2 and if , i.e.
(0)
R (see eq.
(12)), does not vanish, another in log r. In contrast, the CS action (21) only









g d’dt + O(r−2) : (27)
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Note that in the limit r ! 1, this term does not contain dynamical degrees
of freedom. The logarithmic divergence of SEH appears in both SCS and B(t)CS,


























g d’dt : (29)
This term will no longer be considered in this section but discussed in section
6, where the origin of the anomaly will be analyzed.
As a remark en passant, let us note that the boundary contribution B(r)CS (27)
can here be expressed in terms of the "extrinsic curvature 2-form" K, dened
as the product of the trace of the extrinsic curvature tensor with the induced




µνρµ ^ Ωνρ ; (30)
which implies that on this surface:
‘ T r(A ^ A˜) = K : (31)
Hence, we may introduce a gravity action SG suitable for Feynman path integral,












This gravity action diers from that obtained using the Gibbons-Hawking pro-
cedure [16], as the term involving the extrinsic curvature is equal to half of the
usual one [17]. This is not in contradiction with [16], as we are working in the
Palatini formalism.
Let us now compute the variation of the actions SEH and SCS . We therefore






Tr(2 AtFrϕ +Aϕ _Ar −Ar _Aϕ) dr d’ dt + B(r,ϕ)[A] ;
(33)
where the boundary terms are:









Tr[@’(ArAt)] dr d’ dt = 0 : (35)
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The latter term vanishes because it is a ’-derivative of a product of globally













Tr[(At − ~At)(Aϕ + ~Aϕ)− (Aϕ − ~Aϕ)(At + ~At) d’dt :(37)
Using the asymptotic behaviour of the elds A and A˜ given by eqs (24, 25, 26),










R (see eq. 12). On the other hand, A+ and ~A− depend on
the dynamical part of
(2)
g , which is not xed by
(0)
g . As a consequence, we nd
that at spatial innity (jrj = r !1):
A− = O(r−2) =  ~A+ ; (38)
Tr(A−A+) = O(r−2) = Tr( ~A+ ~A−) ; (39)
Tr( ~A−A+) = O(r−2) = Tr(A+ ~A−) : (40)










O(r−2) d’dt ; (41)









O(r−2) d’dt : (42)
with  = +t 
−
ϕ − −t +ϕ = 2
√
− (0)g . It is thus easy to see that, owing to the
boundary conditions (25, 26), the variation of the action SSC vanishes by itself,
without needing to add any extra boundary term.
Let us now return to the action SCS given by eqs (21,33). The time compo-
nents At and ~At play the ro^le of Lagrange multipliers and can be eliminated from
the bulk action by solving the constraint equations Frϕ = 0 and ~Frϕ = 0. Their
general solutions are given by gauge transforming non trivial flat connections
hi and ~hi:
Ai = G−11 hiG1 +G
−1
1 @iG1 ; (43)
~Ai = G−12 ~hiG2 +G
−1
2 @iG2 ; (44)
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with i labelling the coordinates (r; ’). The flat connection components can be
chosen as hr = 0, ~hr = 0, hϕ = h(t) and ~hϕ = ~h(t), where h(t) and ~h(t) are
sl(2; IR) generators that only depend t. The SL(2; IR)=Z2 matrices G1 and G2
are assumed univoquely dened on the cylinder: G1(r; ’; t) = G1(r; ’ + 2; t)
and similarly for G2. Instead of using this represenation of A and ~A, we choose
to express them in terms of non-periodic group elements Q1 and Q2:
Ai = Q−11 @iQ1 ; (45)
~Ai = Q−12 @iQ2 ; (46)
where
Q1(r; ’; t) = exp[’h(t)]G1(r; ’; t) ; (47)
Q2(r; ’; t) = exp[’ ~h(t)]G2(r; ’; t) : (48)
These two representations of the gauge elds are obviously equivalent. We
choose to use the second one, as it will naturally lead to a Liouville eld on
the spatial boundary, which we shall show to be decoupled from the holonomy
degrees of freedom.
Due to the asymptotic behaviour of Ar and ~Ar (24), Q1 and Q2 asymptoti-
cally factorize into:
Q1(r; ’; t) ’
















On the other hand, the components At and ~At in the boundary actions may be




(K− − eϕ−Aϕ) ; ~At =
1
et+
( ~K+ − eϕ+ ~Aϕ) : (51)
The remaining boundary conditions, given by eq. (26), restrict the matrix
elements of q1 and q2, but are dicult to implement at this stage, and we
choose not to do so for the moment. Dropping these conditions (26) implies
that we must add a boundary term to the action SSC ensuring the vanishing of
its on-shell variation, independently of (26). This modied action reads as:
S0CS = SCS + B(r)CS0 − GCS0 ; (52)
5Note that if the asymptotic behaviours of A and A˜ are interchanged (as discussed before
eq. (24)), S(r) must be replaced by S(r)−1 in eq. (49).
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Tr(A−A+ + ~A− ~A+)  d’ dt : (53)








)  d’ dt : (54)
This term is equal to B(r)CS0 when all boundary conditions are imposed, and
ensures that the value of the action SCS remains unmodied in the limit r !1.
Here and in the following, such boundary terms without degrees on freedom will
be qualied as geometrical.
Inserting in S0CS the expression of the gauge elds in terms of theQi matrices
(49), we get a sum of four terms:
S0CS = SWZWC + B(ϕ)WZWC + GWZWC − GCS0 : (55)
The rst is the chiral WZW action:

















2 @+q2 − 2 ~k+)] dt d’ ;
where the derivatives @+ and @− are taken along the vectors ~e+ and ~e−, q0 =















2 @tQ2 −Q−11 @rQ1Q−11 @tQ1)] dr d’ dt
(58)
does not vanish in general due to the holonomy encoded in Q1 and Q2. The










~k2+]  d’ dt : (59)
Dening the new variables
Q = Q−11 Q2 ; q = q
−1
1 q2 ; (60)
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the elds q1 or q2 can be eliminated from the action SWZWC using their equa-
tions of motion. Indeed, the variables q1 or q2 only appear in the chiral WZW
action in quadratic expressions of their derivatives with respect to the angular
variable ’. Their equations of motion lead to:
q01 =  [e
t
− (@+qq
−1 − q~k+q−1) + et+k− + et+et−q−11 n1(t)q1] ; (61)
q02 =  [e
t
+ (q
−1@−q + q−1k−q)− et−~k+ + et+et−q−12 n2(t)q2] ; (62)
where n1(t) and n2(t) are sl(2; IR) generators depending only on t, appearing
upon ’ integrations. It is easy to see that these degrees of freedom decouple
from q in the action and, using their own equation of motion, may be directly
set equal to zero. The resulting action is:
SWZWC = SWZW + B(ϕ,t)WZW − GWZWC ; (63)
with the geometrical contribution canceling that occurring in eq. (55). The
(non-chiral) WZW action is given by:






q−1@+q q−1@−q + @+qq−1k−
−q−1@−q~k+ − ~k+q−1k−q]  dt d’ : (64)










−1@r]Q)]dr d’ dt :
(65)
Let us for a moment focus on the equations of motion (61, 62) of q1 and q2
as functions of q. Using the remaining boundary conditions (26) and the Gauss
decomposition for SL(2; IR)=Z2 elements:
q =
(















 + eφ = 0 ; ‘(@+ − !+)y + 12 + e
φ = 0 ;(68)







 = 0 : (69)
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This is the Liouville equation on a curved background, the curvature being given
by eq. (12). The last two equations are:





g ++ = 0 ; (70)





g −− = 0 : (71)





;a;b − ;ab − ab(14;c













g −− : (73)
Since moreover T+− = 12+−
(0)
R , we can write the relation between the energy-







R ) : (74)
Let us now return to the non-chiral WZW action (64). Using for the matrix
Q a Gauss decomposition similar to (66):
Q =
(





Γ(Q) = − ‘
16G
∫
d ^ [e−dX ^ dY ] : (76)
This allows to write the bulk term Γ(Q) as a sum of three kinds of boundary
contributions:
Γ(Q) = B(r)Γ + B(ϕ,t)Γ : (77)






e−φ(@[ϕy@t]x) d’dt ; (78)




e−φ ; X  ‘
r










[@ϕ(e−@[tY @r]X) + @t(e−@[rY @ϕ]X)]dr d’ dt : (80)
Accordingly, the non-chiral WZW action (64) may be written as:
SWZW = S(x,y,φ) + B(ϕ,t)Γ + G(x,y,φ) ; (81)
where










)(@+y − !+y + 2‘)] d’ dt ;(82)




!+!− d’ dt : (83)
This term cancels the rst term in the geometric contribution appearing upon
modifying the CS action, see eqs (52,54).
Finally, the action S(x,y,φ) (82) can be expressed in terms of  only by
eliminating [18, 6] the variables x and y in terms of the constants of motion
dened by (68), using the same trick as the one that leads to the Maupertuis
action in classical mechanics with conserved energy. From the denition of the
connection and eqs (67, 68), we nd:























e−φ(@−x+ !−x)(@+y − !+y + 2‘)









@ϕ(+t x− −t y)− @t(+ϕ x− −ϕ y)
]
d’dt : (85)
Adding this null expression to S(x,y,φ) allows to eliminate x and y as functions
of  using eqs (67, 68), while keeping the correct  eld equations and holonomy
contributions. Accordingly, we get:
S(x,y,φ) = SL +BL + GL ; (86)
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where SL is the Liouville action on curved background:













− (0)g dt d’ : (87)
Let us emphasize that the curvature term appearing here comes directly from
its denition in terms of the asymptotic metric
(0)
g , and not through  as it is





















In the previous section, we have shown that the EH action can be expressed
as a sum of terms dened on the r, ’ and t boundaries without any remaining
bulk terms. The dynamical equation resulting from imposing the stationarity
of the action on the spatial boundary jrj = r, is that of Liouville on a curved
background. We now analyze the dynamical content of the ’-boundary terms
B(ϕ) that occur when  has the topology of the cylinder.
The rst two non vanishing holonomy terms are given by eqs (58, 65) and
appear when going from the CS action to the non-chiral WZW action. Together
they give, after substitution of Q1 by Q2Q−1:










dr d’ dt :
(90)
Contrary to what happens on the boundary jrj = r, Q2 cannot be eliminated
in terms of Q by using its equation of motion. When going from the non-chiral
WZW action to the S(x,y,φ) action, another holonomy term appears, B(ϕ)Γ , given








−1@tQ− 12@t@r− 2@tX@rY e
−
]
dr d’ dt ;
(91)
which encodes all bulk terms that survive in addition to the Liouville action
(87) on the spatial jrj = r boundary.
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The equations of motion on the ’-boundary can be obtained from this action
by varying Q2, X , Y and . But it is easier to obtain them by varying Q1 and








1 )Q1 −Q−12 @r(@tQ2Q−12 )Q2]dr d’ dt :
(92)
In terms of the periodic group elements G1 and G2 dened in eqs (47, 48), which
factorize in the same way as the non-periodic ones (cf eq. 49):
G1(r; ’; t) ’
r!1 g1(’; t)S(r) ; G2(r; ’; t) ’r!1 g2(’; t)S(r)
−1 ;
(93)






Tr[@tg1 g−11  − @tg2 g−12 ~ ]jϕ=0 dt ; (94)




1 jϕ=0jr=rr=−r = 0 ; @tg2 g−12 jϕ=0jr=rr=−r = 0 ; (95)
whose solution are simply
g1(’ = 0; t)jr=−r = g1(’ = 0; t)jr=+r C1 ;
g2(’ = 0; t)jr=−r = g2(’ = 0; t)jr=+r C2 ; (96)
with C1 and C2 constant matrices. Hence, the bulk eld conguration does
not appear in the equations of motion; only the elds dened on the spatial
boundary do.
5 Flat boundary metric
To further analyze the signicance of the holonomy contributions taken into
account in the previous section via ’-boundary terms, we compute the grav-
itational holonomy encoded in the solutions of Einstein’s equations. For this
purpose, we restrict our analysis to the flat
(0)
g metric (as innite cylinders have
no moduli). For such asymptotic geometry, the expansion described in eq. (2)
























This metric describes two asymptotic regions: one in the neighbourhood of r =
1, the other near r = 0. In order to have a single radial coordinate that leads
to the FG expression of the metric on both asymptotic regions simultaneously
we have to introduce a new radial coordinate  dened by:
 = r for r > r2
 = − ‘
2
r
for r < r1
(98)
where r1 < r2 are two arbitrarily chosen positive values of r; between them, 
is given by any smoothly interpolating increasing function of r. So, near  = 1


















It continues near  = −1 into:
0 = −‘ d





















Moreover to avoid closed causal curves we have to assume the functions L(x−)
and M+(x) non negative. In this case the geometry (97) presents a singularity
on the surface r4 = ‘4 L−(x−)M+(x+). Such a singularity deserves special
attention: in case of BTZ black holes it corresponds to the troath of the Einstein-
Rosen bridge, but it is not clear (for us) if it still corresponds just to a coordinate
singularity in the more general case or becomes a true singularity.
On the boundary r = 1, the Liouville eld solution of eq. (69) can be
expressed as:
 = log
∣∣∣∣ ‘2 f 0+ f 0−(f+ + f−)2
∣∣∣∣ ; (101)
where f+ (resp. f−) is a function of x+ (resp. x−) only and f 0+ (resp. f
0
−) its
derivative with respect to its argument. To yield the metric (97) these functions

































Here we see the important role played by the local character of the gauge elds.
Indeed, though M+(x+) and L−(x−) are periodic in their arguments, the func-
tions f, and thus the Liouville eld , are not necessarily so.
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Let us, for example, consider the right handed sector. For a given M+
function, the solution f+ of eq. (102) can be obtained by posing f 0+ = 1=w2+,





Floquet’s theory [19, see sec. 19.4] gives us the general functional form of the
solutions of this equation. These solutions can be written as linear combina-
tions of particular solutions given by the product of exponential and periodic
functions:
F(x+) = exp (+ x+)F (x+) and K(x+) = exp (−+ x+)K(x+) ;
(104)
where + is a real or purely imaginary constant. As a consequence, the function
f+ appearing in eq. (102) can, for real values of +, always be chosen as the
product of exp (2+ x+) with a periodic function; but of course more compli-
cated functional forms are also possible and are necessarily encountered when
+ is purely imaginary. The most general expression of f+ depends on three
parameters, and is obtained as the integral of the inverse of the square of the
general solution of eq. (103).
The discontinuities of the Liouville eld (of the function f) when their ar-
gument increases by 2  reflect an important geometrical property of asymptotic
AdS3 spaces. They encode in a simple way the global holonomy properties of
the general metric (97). Our purpose now is to clarify this link.
In the SL(2; IR) basis, the equations of parallel transport by means of the
connections A and A˜ are:
@µΨ +AaµJaΨ = 0 ; @µ ~Ψ + ~A
a
µJa
~Ψ = 0 ; (105)
where Ψ (resp. ~Ψ) has the two components Ψ1 and Ψ2 (resp. ~Ψ1 and ~Ψ2).
Note that these equations are exactly those dening the Killing spinors of the






























 − : (108)
6It is noteworthy that the above expressions could also be obtained by limiting ourselves
to an asymptotic evaluation of eqs (105). This is due to the special form (97) of the metric,
for which the connection form Ω+− vanishes at all orders.
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This is nothing else but the equations (see eq. 103) dening f+ and f−. Let
us again focus on the right-handed sector. The general solutions of eq. (108)
can be written in terms of the function f+ that denes M+(=
(2)
g ++), as a linear
combination of 1=
√












where the parallel transport matrix P (r; x+; r0; x+0 ) is (we drop the ’+’ subscript




































The matrix ~P (r; x−; r0; x−0 ) giving the ~Ψ solution can be obtained from P
T−1
by the substitutions f+ ! f− and x+ ! x−.
The matrices P and ~P immediately yield the Wilson loop matrices W and
~W of parallel transport around close loops, by posing x = x0 + 2‘. They
also yield the matrices Q1 and Q2 dening the flat connection (45, 46). Indeed,
inserting eqs (45, 46) into eq. (105), we obtain:
Q1(x+) = Q1(x+0 )P
−1 ; Q2(x−) = Q2(x−0 ) ~P
−1 ; (111)
or equivalently:
q1(x+) = q1(x+0 ) p
−1 ; q2(x−) = q2(x−0 ) ~p
−1 ; (112)
where
p = S(r)PS−1(r0) ; ~p = S−1(r0) ~PS(r) (113)
are independent of r and r0.
To make the decomposition (47, 48) explicit, we nd easier to use as set
of solutions of eq. (108) the following linear combination of the quasi-periodic
solutions (104):
U(x+) = ‘
[K00 F(x+)−F 00K(x+)] ; (114)
V (x+) = F0K(x+)−K0 F(x+) ; (115)
where the subscript 0 indicates that we have to take the functions at an arbitrary
reference point x+0 ; the functions F and K are (partially) normalized so that
their wronskian is 1=‘. This implies that
U(x+0 ) = 1 ; U
0(x+0 ) = 0 ; V (x
+







and the wronskian of U and V is also equal to 1=‘:
In terms of these solutions we obtain:
q1(x+) = q1(x+0 )
(
U(x+) ‘U 0(x+)

















F ‘(F 0 + +F )
K ‘(K 0 − +K)
)
where q1(x+0 ) is an arbitrary SL(2; IR) matrix. From this on-shell expression of
q1(x+), we obtain the expression of the non-trivial flat connection h(t) generat-
ing the holonomies, dened in eq. (47, 48); for instance, assuming + real we
have:











0 ) ; (118)
which are hence just similarity transforms of the matrix 2+ J0. As a conse-
quence, the matrix g1 (see eq. 93), which depends on both t and ’ (and not
only on x+), is globally dened (as it must be), their entries being given by
products of exponentials of + t and periodic functions of x+.
If + is purely imaginary, let us pose + = −i+, F(x+) = exp(−i+x+)F (x+)
and K(x+) = iF(x+), always with the wronskian normalized to 1=‘. Now eq.
(117) reads as















cos +x+ sin +x+














from which we deduce that the generators of holonomies are now similarity
transforms of 2 + J2, thus of a timelike generator, whereas the generator found
in the previous case was spacelike.
Finally note that as the factorization (49) is valid up to r 7! 0, eqs (95) are
trivially satised.
To illustrate these results, let us consider the special case of BTZ black
holes. From its metric written in FG form (17), we immediately obtain the









whose components in the null frame are:
(2)










For such constant components, eqs (102, 103, 108) are easily integrated in terms
of purely exponential solutions:
U(x+) = cosh [+(x+ − x+0 )] ; V (x+) =
1
‘ +
sinh [+(x+ − x+0 )] ;
(122)
where + = 12
√











M+J/` x+ + d
; (123)
with a d− b c = 1. Similarly, f− is obtained by the substitutions x+ ! x− and
J ! −J . As expected, the Liouville eld constructed from these solutions is
in general not globally dened. Only for J = 0 can  be extended periodically
(actually it becomes ’ independent) on the interval [0; 2] of the ’-coordinate
if we choose f+ = exp(x+) and f− = exp(x−),  =
p
M=2.
Furthermore, we easily obtain (compared with [20] where the same cal-
culation was originally performed in another context) the holonomy matrix
W = P (r0; x+0 + 2; r0; x
+
0 ) corresponding to a Wilson loop surrounding the




































and similarly for ~W = ~P (r0; x+0 + 2; r0; x
+
0 ) with J ! −J . The holonomy is
thus always non-trivial, and accordingly there exists no globally well dened
Killing spinor elds, except in two cases. The rst is J = 0 and M = −1, in




and the geometry is that of the usual AdS3 space.
The second case is J = 0 and M = 0, where we have to impose Ψ1 = 0 = ~Ψ2 in
order to obtain global Killing spinor elds. In the former case, we have thus 4
Killing vector elds, and in the latter 2, in agreement with [21].
6 Anomalies
As a preliminary to the discussion of the link between the dieomorphism
anomaly of the gravitational action and the conformal anomaly of the Liou-
ville action, let us briefly summarize the various steps that in section 3 has led
us from the EH action to the Liouville action, through the CS action. Using
eqs (20,23), and assuming the metric to be globally dened on V , we nd that
the EH action (18) and CS action (21) are related by:
SEH = SCS + B(r)CS + B(t)CS ; (125)
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where B(r)CS is an r2-divergent term dened on the spatial boundary given by eq.
(27), and B(t)CS is a log r-divergent term corresponding to a total derivative with
respect to t and given by eq. (28). The EH action presents an r2-divergence,
whereas the CS action is at most logarithmically divergent.
Furthermore, using eqs (52,55,63,81,86), we nd the relation between the CS
action (21) and the Liouville action (87):
SCS = SL + B(ϕ) + B(t) +B : (126)
B(ϕ) is dened in eq. (91) and corresponds to the sum of all ’-boundary terms
encountered when going from the CS action to the Liouville action. Similarly,
B(t) is the sum of all t-boundary terms and is given by:









−1@r]Q) + e−@[rY @ϕ]X
]
dr d’ dt ;(127)
with B(t)WZW and B(t)Γ dened by eqs (65, 80). Finally, the term B is sum of all












− (0)g (0)g tb@b)− !ϕ+ 2!ϕ
]
d’dt : (128)
This term is dened on the (r; ’) and (r; t) boundaries.
We now analyze the variation under Weyl transformations and under dif-
feomorphisms of the EH, CS and Liouville actions. Consider a dieomorphism
generated by the vector eld , which moves the boundary jrj = r and keeps
the metric in the FG form (1). Its radial component is asymptotically of the
form r = (’; t) r, where we assume  and all its derivatives vanishing on
the space-like boundaries of V ; the t and ’ components may be assumed to be




g ab = 2
(0)
g ab  ; (129)
D
(2)
g ab = ‘2,b;a : (130)







Tr[rf6 @[r( ~AϕAt])− 2Ar(A[ϕAt] + ~A[ϕ ~At])g] d’dt :
(131)
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g  d’dt ; (132)
in agreement with [23, 24, 14]. Similarly, the on-shell variation of the CS action
(21) is given by:
DSCS = − ‘16G
∫
jrj=r
Tr[2 rAr(A[ϕAt] + ~A[ϕ ~At])]
√
(0)
g d’dt ; (133)










g  d’dt : (134)
Using (20), we see that the dierence between the variations of the EH and CS




















g  d’dt ; : (136)
Thus, the variations of the EH and SC actions under dieomorphisms are related
by:







g  d’dt : (137)
The variation DSEH presents a r2 divergence whereas DSSC is nite. More
strikingly, the nite contributions of DSEH and DSSC dier by a factor of 2.
Since the Liouville action SL (87) is nite and dened on the spatial bound-
ary jrj = r, it is invariant under the 3-dimensional dieomorphisms. Hence,
when going from the CS action to the Liouville action, the variation under dif-
feomorphisms must be totally transferred to the additional terms given in eq.
(126), in particular to the B boundary terms, as the B term (128) is invariant
under 3-dimensional dieomorphisms. It is easy to check that it is transferred to










@t!ϕ dr d’ dt : (138)





R is equal to −2@t!ϕ up to a ’-derivative, we obtain








g  d’dt : (139)
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Let us now consider the variation of the actions under a Weyl transformation
on the spatial boundary jrj = r, which compensates the eect of the dieomor-





g ab : (140)
The EH action is known to be invariant under the combined action of this Weyl
transformation and of the dieomorphism (129) [13, 14]:
DSEH + WSEH = 0 : (141)
The variation of the Liouville action SL (87) under this Weyl transformation is
easily computed using (74):
















g  d’dt :
(142)
Inspection of eqs (125, 126) shows that the only other term which has a non-










g  d’dt (143)
We have thus:
WSEH = WSL + WB(r)CS : (144)
7 Conclusion
In this paper we have explicitly shown that the 3-d EH action with negative
cosmological constant is equivalent to a Liouville action on the spatial r ! 1
boundaries, plus terms on the t- and ’-boundaries. The equations of motions
derived from the ’-boundary terms, in the case of non-trivial topologies such as
those of BTZ black holes, relate the two non-connected components constitut-
ing spatial innity. An originality of our approach resides in the fact that we
encoded the holonomy in multi-valued functions.
Owing to the fact that we considered arbitrary curved metrics on the spatial
r boundaries, we gave an explicit demonstration that the variation under dieo-
morphisms of the 3-d EH action is equal to the Weyl anomaly of the asymptotic
Liouville theory.
We moreover discussed in detail the asymptotically flat solutions, which
generate upon dieomorphisms all other solutions. We obtained explicitly the
link between the subdominant term of the metric on the spatial boundary, which
encode the FG ambiguity, and the Liouville eld. This reveals that though each
regular boundary metric can be expressed in terms of a 3-parameter family
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of Liouville elds, there are acceptable Liouville elds that lead to singular
metrics. The Liouville (and CS) theory thus contains much more solutions than
the EH gravity theory. Let us furthermore stress that a Liouville eld denes
a solution of Einstein equations only if it can be extended to CS connections
A and A˜ whose dierence yield driebein elds that are regular or only present
singularities interpretable as coordinate singularities. In the latter case, the
topology of the space on which these CS elds are dened will dier from that
of AdS.
Let us note that the developments following eq. (55), which lead from the
non-chiral WZW action to the Liouville action (87), are classically valid, but
have to be re-examined in the framework of quantum mechanics. Indeed, in
quantum mechanics, the changes of variables leading to eq. (64) and the sub-
sequent elimination of the X and Y variables in terms of  involve functional
determinants that have been completely ignored.
Finally, this work is placed in the context of the search for degrees of free-
dom at the origin of the black hole entropy. Our analysis leads to formulate the
hypothesis that these degrees of freedom could possibly be encoded in a gener-
alized holographic principle involving a multiply connected surface at innity,
each component having its own independent Liouville eld only related to the
others by consistency relations dictated by the holonomies.
We are grateful to F. Englert for numerous enlightening discussions and encourage-
ments. We also acknowledge K. Bautier, M. Ba~nados and M. Henneaux for fruitful
discussions. M. R. is Senior Research Associate at the Belgian National Fund for Sci-
entic Research. This work was partially supported by the a F.R.F.C. grant and by
IISN-Belgium (convention 4.4505.86).
8 Appendix
In this appendix we recall some 2-d formula that we found useful for the calcu-
lations of the main text.
Null frame
p^ = p^i dx
i ; ~ep^ = @p^ = eip^@xi p^; q^    2 f+; −g ; xi 2 f’; tg
 eip^ = "p^ q^"
i jp^j "+− = 1 ; "
t ϕ = 1
(145)
Metric in the null frame
ds2 = p^ q^p^ ⊗ q^ p^; q^ 2 f+; −g
@2s = 












d+ = ! ^ + ; d− = −! ^ −
! = !−− = −!++ = !++ + !−−
"i j"p^ q^@xi
p^




R = 4[@−(!+)− @+(!−) + 2!+!−]
R = 4 @xi[(ei−!+ − ei+!−)] (148)
Weyl variance
p^ 7! e−α p^
~ep^ 7! eα ~ep^
 7! e−2 α
! 7! ! − @−() − + @+() +
! 7! eα [!  @()]
(149)
Dalembertian
2 = 2 [@+@−− !+@−+ @−@++ !−@+] (150)
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Figure 1: Penrose diagram of BTZ black hole with M > jJ=‘j and domains of
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